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Abstract
We show, by constructing a suitable area preserving homeomorphism without ﬁxed points,
that the twist condition considered at zero and at inﬁnity in a recent modiﬁed version of the
Poincare´–Birkhoff ﬁxed point theorem cannot be interchanged.
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1. Introduction
In [4], a variant of the Poincare´–Birkhoff ﬁxed point theorem [1–3,5,6] is presented
in which the classical twist condition at the boundary of the annular region is
modiﬁed. Namely, an area preserving homeomorphism c of an annulus A is
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considered, which moves the points of the not necessarily invariant outer boundary
ofA in one angular direction, while it shifts only some points of the invariant inner
boundary to the opposite one. Under these conditions, it is proved that c admits at
least a ﬁxed point in the interior ofA: Actually, the ﬁxed point is obtained for a lift
*c to polar coordinates of c: The exact statement of this result, given in the universal
covering C ¼ fðy; rÞ: yAR; rX0g of the plane which is associated to polar
coordinates ðy; rÞ is as follows:
Theorem 1 (Modiﬁed P-B theorem, Margheri et al. [4, Corollary 2]). Let G1 ¼
fðy; rÞ: r ¼ 0; yARg and G2 ¼ fðy; rÞ: r ¼ bðyÞ; yARg where y-bðyÞ is a continuous
2p-periodic positive real function. Let *c: *A ¼ fðy; rÞ:yAR; 0prpbðyÞg-C be an
area-preserving homeomorphism of the form *cðy; rÞ ¼ ðyþYðy; rÞ;Rðy; rÞÞ where R
and Y are 2p-periodic in the first variable and RjG1 ¼ 0: Moreover suppose that the
following modified twist condition holds:
(i) YjG240 (or YjG2o0 ),
(ii) there is ð%y; 0ÞAG1 such that Yð%y; 0Þo0 (respectively Yð%y; 0Þ40).
Then, *c admits at least one fixed point ðy; rÞ in the interior of *A with 0pyo2p: If
such a fixed point is unique then its fixed point index is nonzero.
We point out that the previous result still holds if we replace C with the whole
ðy; rÞ plane, take as G1 any 2p-periodic *c invariant curve of the form r ¼ aðyÞ with
aðyÞobðyÞ; yAR; and modify, accordingly, the rest of the statement. We will use this
fact later in Remark 1.
The ﬁxed point detected by Theorem 1 may be actually unique, as the following
example shows. Consider the area preserving homeomorphisms of C given by
*c1ðy; rÞ ¼ ðy	 r; rÞ and *c2ðy; rÞ ¼ ðy	 14 cos y; 4r4þsin yÞ: It is easy to verify that the
composite map *c ¼ *c23 *c1 satisﬁes the assumptions of Theorem 1 in the annulus
*A ¼ fðy; rÞ: 0prp1=2g and admits exactly one (elliptic) ﬁxed point P ¼ ðy; rÞ ¼
ðpþ 1
4
; 1
4
Þ in the interior of *A with 0pyo2p: Also, the ﬁxed point index of P is
equal to 1. Note that *c possesses two hyperbolic ﬁxed points on G1 with 0pyo2p;
namely the points ðp
2
; 0Þ and ð3p
2
; 0Þ: We illustrate some features of the geometry of *c
in Fig. 1.
In some applications (see for example [4], where the case of asymptotically linear
planar Hamiltonians systems is considered) the existence of a curve G2 satisfying
condition (i) follows from the following condition:
ðiNÞ lim inf
r-þN Yðy; rÞ40; for each yAR ðor lim supr-þN Yðy; rÞo0;
for each yARÞ:
Therefore, we can state the following asymptotic version of Theorem 1:
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Theorem 2. Let *c :C-C be an area-preserving homeomorphism of the form
considered in Theorem 1. If ðiNÞ and (ii) hold then *c admits at least one fixed point
ðy; rÞ in the interior of C with 0pyo2p: If such a fixed point is unique then its fixed
point index is nonzero.
The geometrical meaning of ðiNÞ is obvious: all points nearN rotate in the same
angular direction and the modulus of their angular displacement is bounded from
below by a positive constant.
A question which arises naturally, is whether or not a result similar to Theorem 1
holds if we interchange the twist condition on G1 and G2: In this case all the points of
the invariant inner boundary G1 rotate in one sense and only some points of the not
necessarily invariant curve G2 rotate in the opposite sense. It is worth to note that if
G2 is invariant then this modiﬁed twist condition actually implies the existence of a
ﬁxed point in the interior of the annulus (same proof, with minor changes, of [4,
Theorem 1]). Therefore, dealing with a bounded annulus, only the case in which G2 is
not invariant has to be considered.
The analogous question which can be posed in connection with Theorem 2 is
whether a similar result holds if we interchange the twist condition on G1 and atN:
The major motivation for this note is to show that this is not the case. In more
precise terms, we will prove that:
Theorem 3. There exists an area preserving homeomorphism *c :C-C without fixed
points in the interior of C which is of the form *cðy; rÞ ¼ ðyþYðy; rÞ;Rðy; rÞÞ; where R
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Fig. 1. Geometry of *c: The arrows indicate how *c transforms both the boundary of *A and the horizontal
and vertical isoclines.
J. Campos et al. / J. Differential Equations 203 (2004) 55–63 57
and Y are 2p-periodic in the first variable, satisfy Rðy; 0Þ ¼ 0 and the following twist
condition:
(i) there is %y satisfying
lim sup
r-þN
Yð%y; rÞo0:
(ii) Yðy; 0Þ40; 8yAR:
As a byproduct, considering the restriction of *c to the strip *A ¼ R ½0; RCC for
sufﬁciently large R; we immediately conclude that we cannot interchange the twist
condition on G1 and G2 in Theorem 1. However, for such a case the same conclusion
may also be obtained by means of a simpler construction, which we present in
Remark 1.
2. Proof of Theorem 3
In this section we construct an area-preserving homeomorphism satisfying the
conditions stated in Theorem 3. Such a map will be obtained from the Poincare´ map
associated to a y-periodic planar Hamiltonian system in the ðy; rÞ plane. In order to
avoid ﬁxed points, we build our system by gluing two different Hamiltonian systems,
ðH1Þ and ðH2Þ: The gluing will occur along a suitable y-periodic curve of the form
r ¼ aðyÞ: The domain of the Hamiltonian H1 will be the epigraph of a: H1 will be
the result of a canonical change of variables in a suitable HamiltonianH1 deﬁned in
the upper ðx; yÞ half plane. The Hamiltonian H2 will be constructed directly in the
region of the ðy; rÞ plane with 0prpaðyÞ: The curve a will allow a C1 gluing ofH1
and H2:
In the next lemma we create an auxiliary function f which will allow to set a ¼ 1
f
and to construct H2:
Lemma 1. There exists a smooth periodic function f :R- 	 1;þN½ satisfying
f 0ðyÞ2 þ f ðyÞ4 ¼ ð1þ f ðyÞÞ2; 8yAR; ð1Þ
f ð0Þ ¼ 0 and f 0ð0Þ ¼ 1:
Proof. It will be sufﬁcient to consider the solution y-f ðyÞ of the Cauchy problem
y00 þ 2y3 	 y ¼ 1;
yð0Þ ¼ 0; y0ð0Þ ¼ 1:

Such a solution is a smooth function and the corresponding orbit y-ðf ðyÞ; f 0ðyÞÞ in
the ðy; y0Þ plane is the closed curve y02 þ y4 	 y2 	 2y ¼ 1: Hence, f is periodic on R:
It is also easy to see that its minimum is greater than 	1: &
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Let T be the period of f : Hereafter we will denote by y1 the unique zero of f in
0; T ½ and by y1 the point where f attains its maximum in 0; y1½: Moreover, for
yAkT ; y1 þ kT ½; kAZ; we set aðyÞ ¼ 1=f ðyÞ and consider the halfplane R Rþ0
divided in the two following regions:
R1 ¼
[
kAZ
fðy; rÞAR2: yAkT ; y1 þ kT ½; rXaðyÞg
and
R2 ¼ ðR Rþ0 Þ\R1:
Finally, we will denote by F ¼ fðy; aðyÞÞ: yA0; y1½g:
Below we will construct the Hamiltonians which will play a fundamental role in
the proof of the theorem. Whenever convenient, the Hamiltonian vector ﬁeld
associated to the Hamiltonian function H will be compactly represented by JrH;
where J ¼ 0
1
	1
0
 
is the standard symplectic matrix.
Lemma 2. There exist smooth Hamiltonian systems
ðHiÞ
y0 ¼ 	@Hi
@r
ðy; rÞ;
r0 ¼ @Hi
@y
ðy; rÞ
8><
>>:
in Ri; i ¼ 1; 2; with Hi T-periodic in the first variable, which do not admit periodic
orbits in Ri and such that:
(a) F is an orbit of both systems and the vector fields associated to the two systems
coincide on that orbit,
(b) the vector field associated to ðH2Þ in points of the form ðy; 0Þ is ð1þ f ðyÞ; 0Þ and
thus its first component is always positive.
Proof. We start by constructing H1: First of all we consider the Hamiltonian in
R Rþ0
H1ðx; yÞ ¼ 	yeyfðxÞ þ y2;
where fðxÞ is a C1ðRÞ function with f0ðxÞ40 on R and bounded above by a negative
constant (for example, fðxÞ ¼ arctanx 	 p:) By the smoothness of H1; and by the
sublinear growth of the norm of JrH1 in R Rþ0 ; it follows that any Cauchy
problem associated to the corresponding Hamiltonian system
ðH1Þ
x0 ¼ ðyfðxÞ þ 1ÞeyfðxÞ 	 2y;
y0 ¼ 	y2f0ðxÞeyfðxÞ
(
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admits a unique and globally deﬁned solution. We note that ðH1Þ does not admit
any equilibria since f0ðxÞa0; 8xAR and y ¼ 0 ) x0 ¼ 1: Thus by the Poincare´–
Bendixson theorem this system does not possess periodic orbits. We observe also
that y ¼ 0 is an orbit of system ðH1Þ and that
JrH1ðx; 0Þ ¼ ð1; 0Þ: ð2Þ
Setting Ea ¼ fðy; rÞAR1: yA0; y1½g we consider the homeomorphism
R : Ea-R Rþ0
ðy; rÞ-
Z y
y1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ a0ðsÞ2
q
ds;
r 	 aðyÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ a0ðyÞ2
q
0
B@
1
CA:
Note that the ﬁrst component of R is the arc length of the graph of a from the point
y1: Since a possesses vertical asymptotes at y ¼ 0 and y ¼ y1; we have that
Z y1
y1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ a0ðsÞ2
q
ds ¼
Z y1
0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ a0ðsÞ2
q
ds ¼ þN
and this implies that R is onto.
LetH1 be the T-periodic extension ofH

13R to R1: Denote by R
0 the derivative of
R: Since R is a canonical transformation, it is well known that it transforms the
solutions of ðH1Þ in the ones of ðH1Þ: Moreover, the vector ﬁeld JrH1 is the
periodic extension to R1 of
JrH1jEa ¼ JðR0ÞTrH13R: ð3Þ
As a consequence, taking into account that RðFÞ ¼ fðx; 0Þ: xARg; we
have that F is an orbit of system ðH1Þ: Furthermore, by (2) and (3) we conclude
that
JrH1ðy; aðyÞÞ ¼ 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ a0ðyÞ2
q ð1; a0ðyÞÞ: ð4Þ
System ðH1Þ does not admit periodic solutions since system ðH1Þ does not admit
any. We consider next the Hamiltonian function deﬁned on R2 by
H2ðy; rÞ ¼ 	 r
1þ rð1þ f ðyÞÞ;
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where f is the function we constructed in Lemma 1. The corresponding Hamiltonian
system
ðH2Þ
y0 ¼ 1ð1þ rÞ2ð1þ f ðyÞÞ;
r0 ¼ 	 r
1þ r f
0ðyÞ;
8><
>:
is smooth and, since f is a smooth periodic function, the norm of JrH2 is bounded
in R2: Therefore, existence, uniqueness and global existence of the solutions of the
Cauchy problems associated to ðH2Þ is guaranteed. We observe that both r ¼ 0 and
F are orbits of this system. Moreover, along F it is
JrH2ðy; aðyÞÞ ¼ 1
1þ f ðyÞðf ðyÞ
2;	f 0ðyÞÞ:
Thus by (1) this vector ﬁeld coincides with the vector ﬁeld associated to ðH1Þ in the
same points. Finally, as f ðyÞ4	 1; yAR; property (b) holds and system ðH2Þ does
not possess neither critical points nor periodic orbits. &
Proof of Theorem 3. As a consequence of the previous lemmas, the Hamiltonian
function
ðHÞ Hðy; rÞ ¼ H1ðy; rÞ 	 1 if ðy; rÞAR1;
H2ðy; rÞ if ðy; rÞAR2

is a C1 map on C which is T-periodic in the y variable. Moreover, the t-Poincare´
map Ptðy0; r0Þ ¼ ðyðt; 0; ðy0; r0ÞÞ; rðt; 0; ðy0; r0ÞÞ associated to the Hamiltonian vector
ﬁeld JrH is well deﬁned as a ﬁxed point free area preserving homeomorphism of C
for any tAR: Let us ﬁx a positive %t: By property (b) of Lemma 2, it immediately
follows that (ii) holds for P%t: In order to prove (i) it is enough to show the existence
of e40 and K40 such that
@H1
@r
ðy; rÞ41
for any ðy; rÞAðy1 	 e; y1 þ eÞ  ðK ;þNÞ: But this follows since
@H1
@y
¼ 2y þ Bounded term
and then
@H1
@r
¼ @H

1
@y
@R2
@r
¼ 2 r 	 aðyÞ
1þ a0ðyÞ2 þ Bounded term:
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In order to conclude the proof, it will be sufﬁcient to consider the map *cðy; rÞ ¼
P%tðT
2p y;
2p
T
rÞ and to set %y ¼ T
2p y

1: &
A qualitative picture of the ﬂow associated to JrH is given in Fig. 2.
Remark 1. In the case of a bounded annulus, the following simple construction
shows that the twist condition on G1 and G2 in Theorem 1 cannot be interchanged.
Consider on R2 the well-known Hamiltonian function associated to the planar
pendulum Hðy; rÞ ¼ r2
2
	 cos y: Fix a sufﬁciently small T40 and denote by *c the
T-Poincare´ operator associated to the Hamiltonian vector ﬁeld JrH: Let G1 be the
curve r ¼ aðyÞ ¼ 	 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ2ð2þ cosyÞp ; yAR: Let G2 be a continuous curve of the form
r ¼ bðyÞ; yAR where b is 2p-periodic and satisﬁes the following conditions:
bðyÞ4aðyÞ; yAR; bðkpÞo0; kAZ and bðp
2
þ 2kpÞ ¼ ﬃﬃﬃ2p ; kAZ: This last condition
means that for each kAZ the point Pk ¼ ðbðp2 þ 2kpÞ; p2 þ 2kpÞ belongs to the
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Fig. 2. Flow associated to JrH:
Fig. 3.
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heteroclinic orbit from ððk 	 1Þp; 0Þ to ððk þ 1Þp; 0Þ which lies on to the curve r ¼ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2ð1þ cos yÞp (see Fig. 3.) By construction, the area preserving homeomorphism *c
shifts to the left all the points of the invariant curve G1 moves to the right
the points PkAG2 and it is ﬁxed point free in the annulus *A ¼
fðy; rÞAR2 : aðyÞprpbðyÞ; yARg:
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